In this paper we propose an approach to control signals or power levels, in unknown linear D.C. circuits, by adjusting one or more design elements, such as resistors, sources, amplifier gains, at arbitrary locations of the circuit. We show that a few strategic measurements can reveal the functional dependency of any signal or power level on the set of design elements. This approach can be extended to linear A.C. circuits as well as general linear systems.
Introduction
In most circuit design techniques, a model of the circuit is needed a priori. The analysis and synthesis can then be accomplished by applying Kirchhoff's laws to the model [1] , [2] , [3] . In practice, one has to deal with very large and complex circuits where modeling is not an easy task and the number of equations and unknowns becomes very large. This fact motivates a search for a new approach which can determine the design variables without modeling the system and directly from a small set of measurements. The problem of determining the behavior of a system with respect to the design variables arises in many areas, such as decentralized control [4] and circuit design [5] . In a circuit design problem it is desirable to control signals or power levels by adjusting the design elements. In this paper we will show that in unknown linear D.C. circuits the functional dependency of circuit signals or power levels on the design elements can be determined with a few number of measurements. This approach can also be extended to the domain of transfer functions [6] . These functional dependencies can then be used to solve synthesis problems.
Preliminaries
We begin this section with a motivational example where we like to control current signals, at arbitrary locations, by adjusting one or more design elements at any location of the circuit. It will be shown that in linear circuits, the functional dependency of circuit signals, such as current, or power levels, on the design variables can be determined from a small set of measurements.
A Motivational Example
Consider the following circuit where the ideal voltage source is V , the ideal current source is I, the gyrator resistance is R 4 and the dependent voltage of the amplifier is V amp = KI 1 , where K is the amplifier gain. (
Let us call the matrix A as the circuit characteristic matrix. Each element of the vector x can be calculated by applying Cramer's rule. For instance, the i-th element of x, denoted by x i , can be calculated as x i = is obtained by replacing the i-th column of A by the vector b, and |.| denotes the determinant. Now, suppose that, for example, it is desirable to control the current I 1 and consider the following 4 cases of the design elements:
• Case I: design element is R 3 , • Case II: design element is I, • Case III: design element is R 4 , • Case IV: design elements are R 2 and R 3 . Applying Cramer's rule one obtains the current I 1 as
where the determinants |A b 1 | and |A| can be calculated as
Case I: In this case, since the design parameter is R 3 , the determinants |A b 1 | and |A|, in (3), can be written as
whereĀ,B,C,D are constants. Therefore, (2) may be written as:
. IfD = 0, then it simplifies to
where
is a multilinear rational function of the design parameter R 3 . If the circuit is known, then the numerical values of A, B, C are known and one can immediately solve a synthesis problem; however, in the case of unknown circuits, this paper proposes an approach that can determine the constants A, B, C from 3 measurements of the current I 1 , by assigning 3 different values to the resistance R 3 (see, for example section 3.1.1, equation (18)). Once these constants are obtained from the measurements, one can solve the synthesis problem.
Case II: In this case the design parameter is the current source I. Therefore, the determinants |A b 1 | and |A|, in (3), may be written as
whereĀ,B,C are constants (these constants are different from those presented in case I). Equation (2) becomes
where A =Ā/C, B =B/C. In an unknown circuit, the constants A and B can be determined by 2 measurements of the current I 1 , by setting 2 different values to the current source I.
Case III: In this case the design parameter is the gyrator resistance R 4 . The determinants |A b 1 | and |A|, in (3), can be written as
whereĀ,B,C,D,Ē,F are constants (these constants are different from those presented in cases I, II). Therefore, (2) becomes:
. IfF = 0, then it can be simplified to
In an unknown circuit, these constants can be obtained by setting 5 different values to the gyrator resistance R 4 , and measuring the corresponding current I 1 (see, for example section 3.1.3).
Case IV: In this case the design parameters are the resistors R 2 and R 3 . The determinants |A b 1 | and |A|, in (3), can be expressed as
whereĀ,B,C,D,Ē,F ,Ḡ,H are constants (these constants are different from those presented in cases I, II, III). Hence, (2) can be written as:
, and ifH = 0, then it can be simplified to
In an unknown circuit, these constants can be obtained by setting 7 different sets of values to the resistors R 2 and R 3 , and measuring the corresponding current I 1 (see, for example section 3.1.2, equations (25)-(28)).
Rank Condition
Consider the vector of parameters x = [x 1 , x 2 , . . . , x n ] and an n × n matrix A(x). Then one may write A(x) as
where A i 's are of dimension n × n.
Lemma 2.1. If the rank of matrix A i is r i and all x j (j = i) are fixed, then the determinant |A(x)| can be expressed as a polynomial function of x i of degree at most r i :
Lemma 2.2. If the rank of matrix A i is r i , the rank of matrix A j is r j and all x k (k = i, j) are fixed, then the determinant |A(x)| can be expressed as a polynomial function of x i and x j of degree at most r i + r j :
Example. Consider the following 2 × 2 matrix A(x 1 , x 2 ):
Matrix A(x 1 , x 2 ) can be written as
Matrix A 1 is of rank 2 and matrix A 2 is of rank 1; thus, we say that matrix A(x 1 , x 2 ) is of rank 2 with respect to x 1 and rank 1 with respect to x 2 . Therefore, the determinant |A(x 1 , x 2 )| will be a polynomial, in x 1 and x 2 , of degree at most 3 and can be expressed as
Calculating the determinant |A(
. These formulas can be easily generalized to the case of n variables.
Proposed Approach
In this section we present our approach to solve synthesis problems in unknown linear D.C. circuits. Here we consider two classes of synthesis problems: 1) current control problem, 2) power level control problem. A similar approach can be used for voltage control problems.
Current Control
In this section we consider a class of circuit synthesis problems where the current in any branch of an unknown linear D.C. circuit is to be controlled by adjusting the design elements at arbitrary locations of the circuit. The approach provided here considers several cases of design elements; for example, when the design element is a resistor (either a regular resistor or a gyrator resistor), or situations where two resistors are used as the design elements.
Suppose that the governing equations of an unknown linear D.C. circuit are represented in the following matrix form:
where A is the circuit characteristic matrix, x is the vector of unknown currents and b contains the independent current/voltage sources. Suppose that we wish to control the current in the i-th branch of the circuit, denoted by I i . Applying Cramer's rule to (15), I i can be expressed as
where in an unknown circuit, the matrices A b i and A are unknown. In the following subsections, for each case of design elements, a general multilinear rational function for the current I i in terms of the design elements will be derived.
Current Control using a Single Resistor
Consider the unknown linear D.C. circuit shown in Fig.2 . Suppose that we wish to control the current in the i-th branch, denoted by I i , by adjusting any resistor R j (which is not a gyrator resistance), at an arbitrary location of the circuit. Proof. Let us consider two cases:
Case 1: i = j In this case, the matrices A b i and A, in (16), are both of rank 1 with respect to R j ; hence, the functional dependency of I i on R j can be expressed as
where α 1 , α 2 , β are constants. In order to determine α 1 , α 2 , β, one conducts 3 experiments by setting 3 different values to the resistor R j , namely R j1 , R j2 , R j3 , and measuring the corresponding currents I i , namely I i1 , I i2 , I i3 . One can then obtain the following set of equations
and solve for the constants α 1 , α 2 , β.
Case 2: i = j Recalling (16), in this case, the matrix A is of rank 1 with respect to R i ; however, the matrix A b i is of rank 0 with respect to R i . Therefore, the functional dependency of I i on R i becomes
where the constantsᾱ andβ can be determined from 2 experiments, by setting 2 different values to the resistor R i and measuring the corresponding currents I i .
Remarks: Suppose that i = j, then it can be shown that 1. The function (17) is monotonic in R j , i.e. I i (R j ) monotonically increases/decreases as R j increases.
The limiting values of this function are:
and I i (∞) = α 2 . Once the constants α 1 , α 2 , β are determined from the measurements, if α1 β > α 2 , then (17) will monotonically decrease; and if α1 β < α 2 , then (17) will monotonically increase.
The achievable range for
3. In a current control problem, this monotonic behavior allows us to uniquely determine a range of values of the design parameter R j as: The Synthesis Problem. Once the constants α 1 , α 2 , β in (17) (orᾱ,β in (19)) are obtained, one can solve the synthesis problem. Suppose that it is required to have I i = I * i , where I * i is a desired prescribed value of the current in the i-th branch of an unknown circuit. Let us assume that the design element is the resistor R j and i = j. How can one find a value of R j for which I i = I * i ? To determine the value of R j for which the desired current is obtained, one may solve (17) for R j , with I i = I * i :
In another synthesis problem suppose that the current I i must lie within the range I − i ≤ I i ≤ I + i (which is inside the achievable range (20)), by adjusting the design resistor R j . Since the functional dependency of I i on R j is monotonic, one may find a unique corresponding range of R j values as
Following the same strategy, one may solve a synthesis problem for the case i = j.
Current Control using Two Resistors
Consider the unknown linear D.C. circuit shown in Fig.3 . Suppose that we want to control the current in the i-th branch, denoted by I i , by adjusting any two resistors R j and R k (which are not gyrator resistances), at arbitrary locations of the circuit. In a linear D.C. circuit, the functional dependency of any current on any two resistances (except gyrator resistances) can be determined by at most 7 measurements.
Proof. Let us consider two cases: 1) i = j, k and 2) i = j or i = k.
In this case, the matrices A b i and A, in (16), are both of rank 1 with respect to R j and R k ; hence, the functional dependency of I i on R j and R k can be expressed as
where α 1 , α 2 , α 3 , α 4 , β 1 , β 2 , β 3 are constants. In order to determine these constants, one conducts 7 experiments by setting 7 different sets of values to the resistors R j and R k and measuring the corresponding currents I i . Then, one may form the following set of equations
and solve for the constants α 1 , α 2 , α 3 , α 4 , β 1 , β 2 , β 3 .
Case 2: i = j or i = k
Suppose that i = j and recall (16). In this case, the matrix A is of rank 1 with respect to R i and R k ; however, the matrix A b i is of rank 0 with respect to R i and is of rank 1 with respect to R k . According to this structure, the functional dependency of I i on R i and R k can be expressed as
where the constants α 1 , α 2 , β 1 , β 2 , β 3 can be determined by conducting 5 experiments, by setting 5 different sets of values to the resistors R i and R k and measuring the corresponding currents I i .
In this problem, the current I i can be plotted as a surface in a 3D graph. In a synthesis problem of this type, any constraint on the current I i yields a corresponding region in the R j -R k plane, if the solution set corresponding to that constraint is not empty.
Current Control using Gyrator Resistance
In this problem the design element is the resistance of a gyrator. Therefore, the current I i is to be controlled by a gyrator resistance, denoted by R g , at an arbitrary location of the circuit. Proof. Consider the following two cases: 1)i-th branch is not connected to either port of the gyrator, 2)i-th branch is connected to one of the gyrator ports.
Case 1: i-th branch is not connected to either port of the gyrator In the problem of this type, the matrices A b i and A, in (16), are both of rank 2 with respect to R g . This yields the functional dependency of I i on R g to be
where α 1 , α 2 , α 3 , β 1 , β 2 are constants. These constants can be determined by conducting 5 experiments, by setting 5 different values to the gyrator resistance R g , and measuring the corresponding currents I i . Then, one may solve the set of 5 equations obtained from the 5 experiments explained above to determine the values of the constants α 1 , α 2 , α 3 , β 1 , β 2 .
Case 2: i-th branch is connected to one of the gyrator ports In this case, the matrix A b i is of rank 1 with respect to R g ; however, the matrix A is of rank 2 with respect to R g . Therefore, one may write
where α 1 , α 2 , β 1 , β 2 are constants to be determined through 4 experiments, by setting 4 different values to the gyrator resistance R g , and measuring the corresponding currents I i .
Power Level Control
In this section we consider another class of circuit synthesis problems where, in an unknown linear D.C. circuit, the power level in any resistor is to be controlled by adjusting the design elements at arbitrary locations of the circuit. For the sake of simplicity, suppose that the resistor R i is located in the branch i and we want to control the power level P i in the resistor R i by some design elements. Similar to the previous section, we consider several cases of design elements and provide the results for each case.
Power Level Control using a Single Resistor
In this subsection, we intend to control the power level P i in the resistor R i , located in the i-th branch of an unknown linear D.C. circuit, by adjusting any resistor R j (except gyrator resistance), at an arbitrary location of the circuit. Recalling the results developed in section 3.1.1, we can state the following theorem. Proof. Let us consider two cases: 1) i = j, 2) i = j.
The functional dependency of the current I i , passing through the resistor R i , on any other resistance R j is obtained in (17). Let us write the power level P i as
Since the ratio

Vi
Ii is the same for each experiment, only one measurement of the voltage V i , across the resistor R i , in addition to the 3 measurements of the current I i , is required to determine the functional dependency of P i on R j . Assuming that one measures V i1 from the first experiment, then the functional dependency of P i on R j can be expressed as
where V i1 and I i1 are the voltage and current signals, at the resistor R i , measured from the first experiment, and the constants α 1 , α 2 , β are obtained by solving (18), as discussed in section 3.1.1.
Case 2: i = j In this case, let us write the power level P i as P i = R i I 2 i . The functional dependency of I i on R i is obtained in (19) . Therefore, we have
where the constantsᾱ andβ can be obtained from 2 measurements of current, as discussed in section 3.1.1.
Remarks: Suppose that i = j, then it can be shown that 1. The functional dependency of P i on R i is not monotonic. As R i → 0, P i → 0 and when R i → ∞, P i → 0. Therefore, as the value of the resistance R i increases from 0 to ∞, the power P i increases from 0 to the maximum value ofᾱ , and then decreases to 0 at very large values of R i .
2. The achievable range for the power level P i , by varying the resistance R i in the interval [0, ∞), is
3. In a power level control problem of this type, for any desired prescribed interval of power P i , which is within the achievable range (34), one may find 2 ranges of values for the design resistance R i .
Power Level Control using Two Resistors
In this case it is desirable to control the power level P i , by adjusting any two resistors R j and R k (except gyrator resistances), at arbitrary locations of the circuit. Based on the results developed in section 3.1.2, we have the following theorem.
Theorem 3.5. In a linear D.C. circuit, the functional dependency of the power level in any resistor on any two resistances (except gyrator resistances) can be determined by at most 8 measurements.
The functional dependency of the current I i , passing through the resistor R i , on any other two resistances R j and R k is obtained in (24). Let us write the power level P i as
Ii is the same for each experiment, only one measurement of the voltage V i , across the resistor R i , in addition to the 7 measurements of the current I i , is required to determine the functional dependency of P i on R j and R k . Assuming that one measures V i1 from the first experiment, then the functional dependency of P i on R j and R k can be expressed as
where V i1 and I i1 are the voltage and current signals, at the resistor R i , measured from the first experiment, and the constants α 1 , α 2 , α 3 , α 4 , β 1 , β 2 , β 3 are obtained by solving (25), as discussed in section 3.1.2.
Case 2: i = j or i = k: Supposing i = j, then the power level P i can be written as
. The functional dependency of I i on R i and R k is obtained in (29). Thus, we have
where the constants α 1 , α 2 , β 1 , β 2 , β 3 can be obtained from 5 measurements of current, as discussed in section 3.1.2.
In this problem, the power level P i can be depicted as a surface in a 3D plot. In a synthesis problem of this type, any constraint on the power level P i results in a corresponding region in the R j -R k plane, if the solution set corresponding to that constraint is not empty.
Power Level Control using Gyrator Resistance
Here we are interested in controlling the power level P i , by any gyrator resistance R g , at an arbitrary location of the circuit. The functional dependency of the current I i on any gyrator resistance R g is obtained in section 3.1.3. Following the same strategy used in this section to obtain the power level dependencies on the design elements, one may obtain corresponding results for this case. We leave the details to the reader.
Numerical Example
In this section we illustrate the approach proposed in the previous section through an example. Consider the unknown linear D.C. circuit shown in Fig.4 . In this example, our goal is to control the power levels in R 3 , R 6 and R 11 , denoted by P 3 , P 6 and P 11 , respectively, to lie within the following ranges: Let us assume that the design elements are the resistors R 1 and R 6 . Therefore, we need to find regions in the R 1 -R 6 plane where the constraints (37), (38) and (39) are satisfied. Based on the approach proposed in section 3.2.2, in order to find the functional dependency of any power level in terms of any two resistances, one needs to do at most 8 measurements. Let us treat each power level problem separately as follows:
4.1 P 3 vs. R 1 and R 6
Here, we determine the functional dependency of P 3 on R 1 and R 6 by a small number of measurements. Recalling (35), one may write
where the constants α 1 , α 2 , α 3 , α 4 , β 1 , β 2 , β 3 can be determined by 7 experiments, wherein one needs to assign 7 different sets of values to (R 1 , R 6 ) and measure the corresponding currents I 3 , passing through R 3 . Since one measurement of the voltage across R 3 is required from one of the experiment setups, suppose that this measurement is taken from the first experiment and shown as V 31 in (40). Table 1 summarizes the numerical values assigned to the resistors R 1 and R 6 along with the corresponding measurements of I 3 and V 31 . Substituting the numerical values given in Table 1 into (25), one may determine the values of the constants as: α 1 = 98.4, α 2 = 36, α 3 = 6.6, α 4 = 2.4, β 1 = 58.5, β 2 = 5, β 3 = 11.7. Therefore, the functional dependency of P 3 on R 1 and R 6 will be
98.4 + 36R 1 + 6.6R 6 + 2.4R 1 R 6 58.5 + 5R 1 + 11.7R 6 + R 1 R 6 2 .
(41) Fig.5 shows the plot of the surface P 3 as a function of the design elements R 1 and R 6 , obtained in (41). Applying the constraint (37) on P 3 , one may obtain the region in the R 1 -R 6 plane, shown in black color in Fig.6 , where this constraint is satisfied. 4.2 P 6 vs. R 1 and R 6 The functional dependency of P 6 on R 1 and R 6 can be determined by doing 5 measurements as discussed in section 3.2.2 (Case 2). The plot of the surface P 6 as a function of R 1 and R 6 is shown in Fig.7 . Applying the constraint (38) on P 6 , one may obtain the region in the R 1 -R 6 plane, shown in black color in Fig.8 , where this constraint is satisfied. Figure 7 . P 6 vs. R 1 and R 6 4.3 P 11 vs. R 1 and R 6 Following the same procedure used to determine the functional dependency of P 3 on R 1 and R 6 , one may obtain the dependency of P 11 on R 1 and R 6 . The plot of the surface P 11 as a function of R 1 and R 6 is shown in Fig.9 . Applying the constraint (39) on P 11 , one may obtain the region in the R 1 -R 6 plane, shown in black color in Fig.10 , where this constraint is satisfied.
In order to satisfy the constraints given in (37), (38) and (39), simultaneously, one has to intersect the regions obtained in Figs.6,8,10. Fig.11 shows the region (in black color) in the R 1 -R 6 plane where the constraints (37), (38) and (39) are satisfied, simultaneously. 
Conclusion
In this paper we showed that, in unknown linear D.C. circuits, the functional dependency of any circuit signal (such as current or voltage), or any power level, on any set of design elements at arbitrary locations of the circuit can be determined by a small number of measurements. Once the desired functional dependency is determined, a synthesis problem, wherein one or more circuit signals or power levels are required to lie within acceptable ranges, can be solved. This approach can also be used in A.C. circuits; the main difference is that the corresponding equations involve complex numbers. We believe that this approach can be extended to other linear systems (such as mechanical, hydraulic, pneumatic), and the domain of transfer functions. This subject is currently under research. 
